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Abstract. In this papei0 we study the structure of a class of categories hav- 
ing two operations which satisfy axioms analoguos to that of rings. Such categories 
are called "Ann-categories". We obtain the classification theorems for regular Ann- 
categories and Ann-functors by using Mac Lane-Shukla cohomology of rings. These 
results give new interpretations of the cohomology groups H^{R,M) and H^{R,M) 
of the rings R. 



J. Introduction and Preliminaries 

Monoidal categories and symmetric monoidal categories were studied first by S. 
Mac Lane [8], J. Benabou [1] and G. M. Kelly [3]. They are, respectively, categories 
A together with a bifunctor (g): A x A A and a system of natural equivalences of 
associativity-unitivity, or a system of natural equivalences of associativity-unitivity- 
commutativity. A. Solian [14], H. X. Sinh [2] and K. H. Ulbrich [15] , investigated (g)- 
categories from the point of view of algebraic structure. They examined the monoidal 
categories whose all objects are invertible. 

The problem of coherence always plays a fundamental role in the study of any 
class of ^-categories. From initial conditions, we have to prove that the morphisms 
generated by a given ones depend only on its source butt. The consideration of struc- 
tures arose later in the papers of H. X. Sinh [2] and B. Mitchell [9]. Here we obtained 
deep results on the classification by the cohomology of groups. 

By the other direction, M. Laplaza [4] considered the coherence of natural 
equivalences of distributivity in a category having two operations © and ®. In the 
papers of Laplaza, the distribution of monomorphisms together with the natural iso- 
morphisms of the two symmetrical monoidal structures must satisfy 24 commutative 
diagrams, that form natural relations between them. 

In this paper, we consider a class of Pic-categories (see H. X. Sinh [2]) in which the 
second operation and natural equivalences of distributivity are defined so that the 
analogous axioms of rings are verified. Such categories are called Ann-categories. Co- 
herence for Ann-categories was shown in [11]. 

Throughout we define invariants of Ann-category basing on construction of 
reduced Ann-categories and pre-sticked of the type {R,M). From this we obtain 
classification theorems for the regular Ann-categories and Ann-functors by using co- 
homology groups H^{R, M), H^{R, M) of the ring R. These theorems give a relation 
between the notion of Ann-category with the theory of cohomology of rings and the 
problem of extention of rings. 

For convinience, the tensor product of two objects A and B is denoted by AB 
instead of A g) J5, but for the morphisms we still write / ® 5 to avoid confusion with 
the composition of morphisms. 



^This paper has been published in East- West J. of Mathematics Vol. 5, No 1, 2003 
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Structure of Ann-categories and MacLane - Shukla cohomology 



The notions and results on monoidal categories are supposed to be familier to 
the readers (see [3, 5, 8] for example). 

Recall that a Pic-category is a symmetric monoidal category A (or a (g)ACU- 
category .4) in which every object is invertible and every morphism is an isomorphism 
(see [2]). 

Definition 1.1. An Ann-category is a category A together with 
(i) Two hifunctors ®, ^: A^ A^ A. 

(a) A fixed object & A with natural isomorphisms a"*", c, g, d such that [A, ©, a"*", c, (0, g, 
is a Pic-category. 

(Hi) A fixed object 1 G A with natural isomorphisms a,l,r such that 
(^, (gi, a, (1, Z, r)) is a monoidal category (i. e. a ®AU-category). 

(iv) Two natural isomorphisms £, 9^ 

£.A,x,Y ■■ A{X ®Y) ^ AX ®AY 

y^x,Y,A : (X e Y)A -^XA®YA 

satisfying the following conditions 

(Ann-1) For every object A e A, the pair of ®- functors {L^,L^), {R^,R^) defined 
by 

L^:X^AX (r^-.X^AX 

— ^A,X,Y \^X,Y — ^X,Y,A 

are ® AC- functors. 

(Ann-2) For any A,B,X,Y G A the following diagrams are commutative 



A{B{X(BY)) ^^^^ , A{BX®BY) 5 , A{BX)®A{BY) 



a © a 



{AB){X®Y) 



{AB)X ® {AB)Y 



{X®Y){AB) 
a 

{{X®Y)A)B 



m^id 
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{XA®YA)B 



X{AB) © Y{AB) 
a® a 

{XA)B © (YA)B 



Nguyen Tien Quang 



3 



A{{X®Y)B) 



{A{X © Y))B 



A{XB e YB) 



{AX © AY)B 



A{XB) e A{YB) 



a(Ba 



{AX)B © {AY)B 



{A © B)X © (A © B)y 
9^©9^ 

{AX © BX) © (AF © BY) 



{A®B){X®Y) 



A{X ®Y)®B{X ®Y) 
£©£ 



{AX © AF) © {BX © BF) 



w/iere f = va,b,c,d • © -B) © (C © £>) ^ © C) © (B © £>) is the unique 
functorial morphism constructed from the morphisms a^,c and id in the 

Pic-category ©). 

(Ann-3) The following diagrams are commutative 



i(x©y) 



X®Y 



IX ©IF 



(X©F)1 



X®Y 



XI ©Fl 



X®Y 



Definition 1.2. Let A and A' he Ann-categories . An Ann-functor from A to A is 
a functor F: A ^ A together with natural isomorphisms F, F such that: {F, F) is 
a ®AC-functor, {F,F) is a ®A-functor and F, F are compatible with natural equiv- 
alences of distributivity in the sense that the following two diagrams are commutative 



F{A{B © C)) 
F{&) 

F{AB © AC) 

F{{A © B)C) 
F{0{) 

F{AC © BC) 



FAF{B © C) 



F{AB) © F{AC) 



F{A © B)FC 



F{AC) © F{BC) 



id i 




FQ 


BF 


L g 


D id 


FQ 


BF 



FA{FB © FC) 



FAFB © FAFC 



{FA © FB)FC 
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FAFC © FBFC 



If F is an equivalence, then {F, F, F) is called an Ann-equivalence. 

Proposition 1.3. Let A be an Ann-category and A G A. Then there exist unique 
isomorphisms L^ : A®0 0, R^: Q®A ^ so that {L^,L^,L^) and {R^,R^,R^) 
are symmetrical monoidal functors (®ACU- functor) 



4 Structure of Ann-categories and MacLane - Shukla cohomology 

Proof. Since {A, ©) is a Pic-catcgory, each ©AC-functor is also a ® ACU-functor. □ 

Proposition 1.4. In any Ann-category A, the isomorphisms L^, have the fol- 
lowing properties: 

(i) The family L~ — L (resp. the family = R) is a (B-morphism from the 
functor (resp. to the functor {0 : Ai-^ 0,0 = g^^) i. e. the 

following diagrams are commutative: 



AO BO 



{X © y)o 



XO®YO 











So 



0©0 



(resp. R^iid^f) = R^ and R^®^ = go{R^ © R^)L^). 
(a) For any A,BgA, the following diagrams are commutative: 



X(OY) 



id®R^ 



(XO)Y 

'S)id a 



, idigiL^ 
X(YO) . XO 



R^ 

XO ^ ^ OY 



-X 



(XY)0 ^ 



and R^^ = R^{R^ (g) id)ao^x,Y- 
(Hi) = lo, R^ = ro- 

2 The first two invariants of an Ann-category 

Let A be an Ann-category. Then the set no(^) of the isomorphic classes of 
objects of .4 is a ring with the operations induced by the ones ©, (8) in A, and 
ni(^) = Aut{0) is an abelian group with operation denoted by +. 

The following two Theorems on the structure of the Ann-categories can be 
found in [12]. 



Theorem 2.1. ni(^) is an Ilo{A)-bimodule where the left and right operations of 
the ring no(.4) on the abeian group Hi{A) are defined respectively by 

su = \x{u), us = px{u), X G s e no(^), u e Ili{A) 

in which Xx, px are the two maps Aut(0) — > Aut(0) given by the following commu- 
tative diagrams: 



XO 



XO 







OX 



Ax(w) u<S>id 







ox 







Px{u) 







the following theorem shows the invariableness of Uo{A)-bimodule ni(^). 
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Theorem 2.2. Given two Ann-categories A, A . Then any Ann-junctor {F,F,F): 
A yields a ring homomorphism 

Fo : no(.4) ^ no(.4') 
clX ^ clFX 

and a group homomorphism 

Fi: ni(^)^ni(^') 

u^^FoiFu) 

having the properties 

Fi{su) = Fi(s)Fo(u) Fi{us) = Fq{u)Fi{s) 

where 7a Aut{0) — > Aut{0) is defined by ^a{u) = gA{u (8) idAjg^^- Moreover, F is 
an Ann-equivalence if and only if Fq, Fx are isomorphisms. 

Hence no(.4) and Hi (.4) are the first two invariants of an Ann-category. 

3 Reduced Ann-categories 

In preparing to define the third invariant of Ann-categories, we construct re- 
duced Ann-categories. Let A be an Ann-category. The reduced category S in con- 
structed from no(.4) and Hi (.4) as follows: its objects are the elements of no(.4), its 
morphisms are the automorphisms of the form (s, u) with 

s G no(^), u e ni(^) i. e. 

Aut{s) = {s} X ni(^) 

The composition law of morphisms is reduced by addition in IIi (A) . Wo shall 
use the transmission of structures (see [10]) to change <S into an Ann-category which 
is equivalent to A. Choose for every s S no(^) a representant Xs G A such that 
Xq = 0, Xi — 1 and tlicn, for every pair s, t G no(^), two families of isomorphisms 

'fis,t '■ © ATt — >■ Xs+ti 4's,t '■ XgXt —>■ Xst 

such that 

vo,t = gxt, y^sfi = dx. 

Defining the functor H : 5 — > .4, by H{s) = Xg, H{s, u) = {u) and putting 
H = ip~^, H = tp~^ we can use the theorem of transmission of structures (see [10]) 
to obtain S to be an Ann-category with the two operations in the explicit forms: 

s®t = s-\-t (sum in ring IIo (.4)) (1) 

{s,u)®{t,v) = {s + t,u + v) (2) 

s (Sit = st (product in ring no(>t)) (3) 

{s,u) ^ {t,v) = {st,sv + ut) (4) 

and with the natural equivalences induced by that of A. S is called the reduced 
Ann-category of A. We now have: 
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Structure of Ann-categories and MacLane - Shukla cohomology 



Theorem 3.1. In the reduced Ann- category S of A, the natural equivalences ofunitiv- 

ity of the t wo operations © , CS) are identities, and the natural equivalences ^, r], a, A, p 
induced from a+, c, a, £, 91 by {H,H,H) are functions having the values in ni(^) 
and satisfying the following relations 

1. ^{y, z, t) - i{x + y, z, t) + ^(x, y-\-z,t)- ^{x, y,z-\-t)+ ^{x, y,z) = 

2. ^(0, y, z) = ^{x, 0, t) = ^{x, y, 0) = 

3. ^{x, y, z) - ^{x, z, y) + £,{z, x, y) - r]{x, z) + r]{x + y,z)- r]{y, z)=0 

4- v{x,y) + viy,x) = o 

5. xr]{y, z) - r]{xy, xz) = X{x, y, z) - X(x, z, y) 

6. r]{x, y)z - r]{xz, yz) = p{x, y, z) - p{y, x, z) 

7. x^{y, z, t) - ^{xy, xz, xt) = 

X{x, z, t) - X{x, y + z,t)-\- X{x, y,z + t) - X{x, y, z) 

8. ^{x,y,z)t-^(xt,yt,zt) = 

p{y, z, t) - p{x + y, z, t) + p{x, y + z,t)- p{x, y, t) 

9. p{x, y,z + t) - p{x, y, z) - p{x, y, t) + X{x, z, t) 
+ A(y, z, t) — X{x + y, z, t) = —^{xz + xt, yz, yt) 

+ i{xz, xt, yz) — r/{xt, yz) + i{xz + yz, xt, yt) — S,{xz, yz, xt) 

10. a{x, y, z + t) — a{x, y, z) — a{x, y, t) = 
xX{y, z, t) + X(x, yz, yt) — X{xy, z, t) 

11. ol{x, y + z,t) — a{x, y, t) — a{x, z, t) = 

z, t) - p{xy, xz, t) + X{x, yt, zt) - X{x, y, z)t 

12. a{x + y, z, t) - a{x, z, t) - a{y, z, t) = 

- P{x, y, z)t - p{xz, yz, t) + p{x, y, zt) 

13. xa{y, z, t) - a{xy, z, t) + a{x, yz, t) 

- a{x, y, zt) + a{x, y, z)t = 

14- ce{l, y, z) = a{x, 1, z) = a{x, y,l) = 

15. a(0, y, z) = a{x, 0, t) = a{x, y, 0) = 

16. A(l, y, z) = A(0, y,,z) = X{x, 0, z) = X{x, y,0) = 

17. p{x, y, 1) = p{0, y, z) = p{x, 0, z) = p{x, y,0) = 

for x,y,z,t e Uo{A). 

For the two choices of different representants {Xg, (p, ip), we can prove the fol- 
lowings: 

Proposition 3.2. If S with {Xs, ip) and S with {X^, Lp ,tp ) are two reduced Ann- 
categories of A, then there exists an Ann- equivalence {F, F ,F): S ^ S , with F = id. 
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If we substitute no(^) by a ring R and ni(^) by an ii-bimodule M, we can 
construct an Ann-category T with the operations ®, (g) defined by the relations (3.1)- 
(3.4) and the natural equivalences 

a'^ = = ri,a = a,2 = X,yi = p 

satisfying the relations in the theorem 3.1. This Ann-category X is called an Ann- 
category of type {R, M). 

If the function 77 satisfies the regular condition r]{x, x) = 0, the family (^, 77, a, X, p) 
is a 3-cocycle of the ring R with coefficients in the i?-bimoduk; M in the Mac Lane- 
Shukla sense (see theorem 4.3). In particular, when A = 0, p = 0, ^ = we have 77 = 
and hence a becomes a normal 3-cocycle of the Z-algebra R in the Hochshild sense 
(see [10]). 

Any ring R with the unit 1 7^ may be considered as an Ann-category of the 
type {R, 0). Hence we have proved the following theorem: 

Theorem 3.3. Any Ann-category is an Ann-equivalence to an Ann-category of the 
type {R,M). 



4 Cohomology classification of the regular Ann-categories 

According to theorem 3.3 we have only to consider the classification of the 
Ann-categories having the first two common invariants. 

Definition 4.1. Let R be a ring with unit, M be an R — bimodule considered as a 
ring with the null multiplication. An Ann-category A is called having pre-stick of the 
type {R, M) if there exists a pair of ring isomorphisms (eo, ei) 

eo : i? no(^), ei:M-^ni(^) 

satisfying the conditions: 

ei(su) = eo(s)ei(u), ei(us) = ei(u)eo(s), s&R,u£M. 

A morphism between two Ann-categories A, A' having the same pre-stick of the 
type {R, M) is an Ann-functor {F, F,F) -.A — > A' such that the following diagrams 

are commutative 

no(^) — ^ no(^') ni(^) — ^ ni(^') 



R = R M = M 

in which Fo,Fi are two ring morphisms induced from {F,F,F). R follows directly 
from the definition that F is an equivalence. 

The two Ann-categories A, A' are called congruences if there exists a morphism 
{F, F, F)betweenthem. 

Definition 4.2. An Ann-category A having a natural equivalence c of commutativity 
so that cx,x = id is called a regular Ann-category. 

For the regular Ann-categories we can define its third invariant, that is an 
element of Mac Lane - Shukla cohomology group H^{R, M) of the ring R. 
Recall that the cohomology of an algebra A with coefficients in an 
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A— bimodule coincides with the Mac Lane cohomology of the ring R — A, considered 
as a Z— algebra. We have 

H*{R, M) = H*{Y^ iJomz(C/", M)) 

n>0 

where f is a graded differential algebra and a free resolution over Z of R. The 
differential S over graded module '^Homz{U'",M) is defined by the relation Sf = 
g + h, where 

n 

g{ui,...,Un) = - ^{-lY'-^ f{ui, ...,dUi, ...,Un), 

i=l 

h{ui, Un) = Uif{U2, Un+l) + 

n 

i=l 

Cq = 0, Ci = i + degui + ■ • • + degui (sec [13]). 

Theorem 4.3. A 3-cochain f =< C,,r],a,X,p > of the ring R with coefficients in 
the R— bimodule M is a 3-cocycle if and only if (C, rj, a, — A, p) is a family of natural 
equivalences of a regular Ann-category of the type {R, M). 

Proof. The essence of the proof is to compute the group 1?{R,M) by choosing a 
convenient resolution of the ring R (as a Z-algebra), different from the two resolutions 
of Shukla and Mac Lane. For the additional structure of R, we consider the complex 
of abelian groups: 

in which 

So = Z(i?), Bi = Z{R X R), B2 = Z(i? xitx R)® Z{R x R) 

B3 = Z{R xRxRx R)® Z{R x RxR)® Z{R x R) ® Z{R) 
B4 = Kerd3, R = R\{0} 

(Z(i?*), i= 1, 2, 3, 4 are the free abelian groups generated by the set IT). 
The morphisms are given by: 

vlx] = X, X e R 

di[x,y] = [y] - [x + y] + [x] 

d2[x,y,z] = [x,z]-[x + y,z] + [x,y + z]~~[x,y] 

d2[x,y] = [x,y]-[y,x] 

d3[x,y,z,t] = [y,z,t]-[x + y,z,t] + [x,y + z,t]-[x,y,z + t] + [x,y,z] 

d3[x,y,z] = [x,y,z]-[x,z,y]-\-[z,x,y]-\-[x-\-y,z]-[x,z]-[y,z] 

M^^y] = [x,y] + [y,x] 

d3[x] = [x,x] 
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^4 = i is the natural embedding. 

We now define a distributive multiplication in B = ^ Bi such that B becomes 
a graded differential algebra over Z. A 3-cochain / is an element of a direct sum 

Homz{B2, M) e Homz{Bi O Bq, Af) ® Homz{Bo ®Bi,M) 

e Homz{Bo O Bo (8) Bo, M) 

This implies that / is defined by a family of mappings 

Cix, y,z) = f{[x,y,z]) 

ri{x,y) = f{[x,y]) 

X{x,y,z) = f{[x]iSi[y,z]) 

p{x,y,z) = fi[x,y](g>[z]) 

a{x,y,z) = f{[x]iSi[y]iSi[z]) 

From the formula of differentiation of the above resolution we complete the 
proof. □ 

Theorem 4.4 (Classification theorem). There exists a hijection between the set of 
the congruence classes of pre-sticked regular Ann-categories of the type {R, M) and 
the cohomology group H^{R,M) of the ring R, with coefficients in the R-bimudule 
M. 



Proof. Consider the resolution that is shown in the proof of the theorem 4.3. If 
/ =< C) Oi,X,p> is 3-coboundary, / = Sg, with 51 is a pair of mappings 

/X : Bi — > M 

u : Bo® Bo — > M 

we have the following relations 

-C{x,y,z) = fi{y,z) - p,{x + y,z) + p.{x,y + z) - ii{x,y) 

-Vix,y) = fi{x,y) - fi{y,x) ^ antfi(x,y) 

a{x,y,z) = xv{y,z) - v{xy,z) + v{x,yz) - v{x,y)z 

-X{x,y,z) = v{x,y-\-z)-v{x,y)-v{x,z)+xp.{y,z)- n{xy,xz) 

P{x,y,z) = v{x + y,z)-v{x,z)-v{y,z)- p.{x,y)z + p.{xz,yz) 

These relations imply what we have to prove. □ 



This theorem leads to the investigation of application of the Ann-category 
concept into the theory of ring extensions. The classtification theorem in the general 
case is still an open problem. 



O Ann-functors and low dimension cohomology groups of rings 

In this section given problem is that of finding whether there is Ann-functor 
between two Ann-categories and, if so, how many. Since each Ann-category is Ann- 
equivalent to one Ann-category of the type (i?, M) so the solution of problem for a 
class of Ann-categories of the type (i?, M) is enough. 
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If / =< C, Jy, a,X,p> is a 3-cocycle in 1?{R, M) the structure 
(C, r], a, —A, p) of Ann-category {R, M) is denoted by /. Moreover, if 

F = {F, F, F) : {R, M, /) {R' , M' , /') 

is an Ann- functor, this functor is a pair of ring homomorphisms {Fo,Fi) compatible 
with actions of bimodulc. So sometimes F is denoted by (Fo,Fi). i?'-bimodule M 
may be changed into _R-bimodule by the homomorphism Fq, 

m'r = mF(r), rm! = F{r)m', r € R,m' E M' . 

Because / e Z^(i?, M) and /' G 'L^{R' , A/'), F induces canonically 3-cocycles 

/*,/'* ez3(ij,M'). 

For axample 

C*{x,y,z) = F{C{x,y,z)) 
C{x,y,z) = C{Fx,Fy,Fz). 

Isomorphisms -F, F are mappings Rx R — > M' 

H{x,y) = : F{x + y) — > Fx + Fy 

v{x,y) - F^,y : F(xy) {Fx)(Fy) 

These mappings, according to definition, satisfy diagrams in definition 1.2. On the 
other hand, < p,,^ > is a 2-cochain of ring cohomology. Prom a calculation of 
H^{R,M) we have 

/* - f* = S < p,iy> (5) 

Theorem 5.1. Let X = {R,M,f), I' = {R',M',f') be two regular Ann-categories 
and 

F={Fo,F,):I^I' 

be a functor thai satisfies the condition (5.1). Then F is an Ann-functor if and only 
if H^{f) — H*{f') = m H^{R, M'). In this case, we can say that Ann-functor 
{F, F, F) is induced by the functor F. 

Proof. If {F,F,F) is an Ann-functor with F = p,F = u, the condition (5.1) gives 
equation 

H,{f)-H*{f') = Q 

Conversely, the equation H^{f) — H*{f') = automatically implies /* — /'* = 
5g, there g =< p,v > is a 2-cochain. Let F = p,F = u, we have an Ann-functor 

{F,F,F). □ 

Definition 5.2. An Ann-functor F : {R,M,f) — > {R',M',f) is called regular if F 
satisfies condition /* = /'*. 

In case there exists a regular Ann-functor F, we have the following theorem 

Theorem 5.3. (i) There exists a bijection between the set of the congruence classes of 
regular Ann-functors induced by a pair {Fq, Fi) and the cohomology group H^(R, M') 
of the ring R with coefficients in the R-bimodule M' . 

(a) If F : {R,M,f ) — > {R' , M' , f ) is an Ann-functor, there exists a bijection 

Aut{F) — >Z\R,M') 

between the group of automorphisms of Ann-functor F and the group Z}{R, M'). 
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Proof, (i) Let {F, F, F) be a regular Ann-functor 

{F,F,F):{R,M,f)^{R',M',f) 

Then 

f^- f* = S < tj.,u>=0 

where F = ^jl,F = y. It means < /U, z/ > is 2-cocycle. 

Suppore that (G, G, G) is another regular Ann-functor 

{G,G,G):{R,MJ)^{R',M',f) 

and a : F — > G is an Ann-morphism. Then, by to definition, the following diagrams 
are commutative 

F{x + y) — ^ Fx + Fy 

G(x + y) Gx + Gy 

F{xy) — ^ {Fx){Fy) 



Gixy) iGx){Gy) 
where x,y G R. Also from the definition we have 

Q!x <8i % = {Fx)ay + ax{Fy) = xuy + a^y 

so 

Gx.y Fx^y — ^x+y ~t~ 

Gx,y Fx,y — XCXy CK^_|_y ~1~ OixV- 

Because g =< F,F >, g' =< G,G > are 2-cocycles and a is 1-cochain and by a 
calculation of H^{R, M) we have 

g' -g = 5a (6) 

Equation (6) proves the existance of a correspondence from a class of regular 
Ann-functors cls(i^, F, F) to a class of cohomologies g + B'^{R, M'), 
g =< F,F >. Moreover this correspondence is an injection. We now prove that it 
is a projection. In fact, let g =< /x, i/ > be any 2-cocycle. Then we can directly 
verify that {F,jjL,u) is a regular Ann- functor {R,M,f) to {R',M',f) corresponding 
to 2-cocycle g, proving (i). 

(m) Let 

F = [F, ^, u) : (i?, Af, /) {R', M' , /) 



be an Ann-functor and a G Aut{F). Then the equation (6) becomes 6{a) = 0, i.e. 
a e Z^(i?, M'), proving (ii). □ 
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6 Ann-category and theory of the extensions of rings 



In this section, wc establish a direct relation between theory of the extensions 
of rings and theory of Ann-categories. According to Mac Lane [7] we call a bimul- 
tiplication of a ring A a pair of mappings a i — > aa, a i — > aa of A into itself which 
satisfy the rules 

a{a + b) =aa + ab , (a + b)a =aa + ba 
a{ab) = {aa)b , {ab)(j = a{ba) 

a{ab) = {aa)b 

for all elements a,b £ A. The sum a + v and the product au of two bimultiplications 
a and v are defined by the equations 

{a + v)a =aa + ua , a{a + u) =aa + av 
{au)a = (j{ua) , a{ai') = {acF)u 

for all am. A. 

The set of all bimultiplications of A is a ring denoted by Ma- For each element 
c of ^, a bimultiplication ji^ is defined by 

jic<i = ca, ajjbc = ac, a G A 

We call He an inner bimultiplication. Clearly h : A — > Ma is a ring homomorphism 
and the image ^A of this homomorphism is a two-sided ideal in Ma- The quotient ring 
Pa = Ma/ij-A is called the ring of outer bimultiplications of A and ring homomorphism 
6 : R — > Pa is called regular if ^(1) = 1 and two any elements of 0{R) are permutable 
( the bimultiplications cr and ly are called permutable if a{ai') = {Ga)v and v{aG) = 
{i'a)a for every a in A). Then 

Ca = {ce A\ca = ac = 0, Va e A} 

is called bicenter of A, and Ca is a -R-bimodule under the operations 

xc = {9x)c, cx = c{6x), c G Ca, x & A. 

The "Extention problem" of rings requires finding the exact sequence of rings 

— yA — >S — >R — ^1 

induces homomorphism : R — > Pa- 

Let a : R — > Ma be a mapping such that 17(0;) G 6x, x £ R and cr(0) = 0, 
cr(l) = 1. Then we define two mappings 

f :RxR — > A 
giRxR — > A 

such that 



l^.f{x, y) = (t{x y) - (7{x) - o{x) 
w{^-,y) = <j{xy) - a{x)a{x) 
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for all x,y G R. The ring structure of Ma implies mappings C, Oi,\,p : Ma^ — > Ca 
and T] : M^^ — > Ca 

C{x,y,z) = f{x,y) - f{x + y,z) + f{x,y + z) - f{x,y) 

V{x,y) = f{x,y) - f{y,x) 

Oi{x,y,z) = xg{y,z)-g{x,y,z)+g{x,y,z)-g{x,y)z 

Hx,y,z) = xf(y,z)-f{xy,xz)+g{x,y + z)-g(x,y)-g(x,z) 

p{x,y,z) = f{x,y)z- f{xz,yz) + g{x + y,z)~g{x,z)~g{y,z) 

We call the family (<^, 77, a, A, p) of the above mappings an obstruction of the 
regular homomorphism 9. We can prove that if all these mappings are null, the 
homomorphism 6 : R — > Pa can be realized by a ring extention. It is the ring 

S = {{a,r) I a€A,r€R} 

with operations 

(ai.ri) + (a2,r2) = [ai + a2 + f{ri,r2),ri + 

(ai,ri)(a2,r2) = {ria2 + air2 + g{rir2),rir2) 

In the general case we have 

Proposition 6.1. // ((^,r],a, X, p) is an obstruction of the regular homomorphism 
9 : R — > Pa, it is a family of natural equivalences of Ann-categories of the type 
{R,Ca). 



Proof. We can verify directly that C, ct^ P satisfy the relations in the proposition 
3.1 . □ 



References 

[1] J. Bcnabou, Categories avec multiplication, C. R. Acad. Sci. Paris, 256, 9 (1963), 
1887-1890. 

[2] H. X. Sinh, Gr- categories, These, Paris (1975). 

[3] G. M. Kelly, On Mac Lane conditions for coherence of natural associativities, 
commutativities, etc, J. Algebra, 4 (1964), 397-402. 

[4] M. L. Laplaza, Coherence for distributivity. Lecture Notes in Math, 281 (1972), 
29-65. 

[5] M. L. Laplaza, Coherence for Categories with Croup Structure: an alternative 
approach, J. Algebra, 84 (1983), 305-323. 

[6] S. Mac Lane, Homologie des anneaux et des modules, Colloque de Topologie al- 
gebrique, Louvain (1956), 55-88. 

[7] S. Mac Lane, Extensions and Obstruction for rings, Illinois J. Mathematics, 2 
(1958), 316-345. 

[8] S. Mac Lane, Natural associativity and commutativity, Rice University studies, 
49, 4 (1963), 28-46. 



14 Structure of Ann-categories and MacLane - Shukla cohomology 

[9] B. Mitchell, Low dimentional group cohomology and monoidal structure, Amer. 
J. Math. 105 (1983), 1049-1066. 

[10] N. T. Quang, Introduction to Ann-categories, J. Math. Hanoi, 15, 4 (1987), 14-24. 

[11] N. T. Quang, Coherence for Ann- categories, J. Math Hanoi, 16, 1(1988), 17-26. 

[12] N. T. Quang, On the structure of the Ann- categories. Scientific information, 
Hanoi University of Education, D(1987), 12-18. 

[13] U. Shukla, Cohomologie des algebras associatives, These, Paris (1960). 

[14] A. Solial, Group dans une categoric, C. R. Acad. Sci. 275, 3 (1972), 155-159. 

[15] K. H. Ulbrich, Koharenz un kategorien mit Grouppenstruktur, J. Algebra, 72, 2 
(1981), 279-295. 

Math. Dept., Hanoi University of Education 
E-mail adresses: nguyenquang272002@gmail.com 



